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Abstract. We define twelve variants of a Reifenberg's afliine approximation property, which are known to 
be connected with the singular sets of minimal surfaces. With this motivation we investigate the regularity 
of the sets possessing these. We classify the properties with respect to whether j-dimensional Hausdorff 
dimension, locally finite j'-dimensional Hausdorff measure or countable j'-rectifiability hold. In showing that 
varying levels of regularity hold for the differing properties, quasi-self-similar sets, interesting in their own 
right, are constructed as counter examples. These counter examples also admit a connection to number 
theory via the use of the normal number theorem. Additionally, the intriguing result that such complexity 
in the counter examples is actually a necessity is shown. 



1. Introduction 

A subset A C K" is said to possess the j-dimensional e-Reifenberg property if A C Bp^ (x) for some x G M" 
and po > 0, and for all y G A and p G (0,po] there exists a j'-dimensional plane Ly^p such that 

d^{Ar\Bp{x),Ly^pnBp{x)) <ep, 

where Bp{x) denotes the open ball of radius p around a point x and denotes the Hausdorff distance 
defined on two sets A,Bc M" of by 



d^{A, B) := max < sup inf \x — sup inf \x — y\ 

Reifenberg \VI\ showed that sets satisfying such a property are bihomeomorphic to a j-dimensional disc. 
Variants of Reifenberg's approximation property have since been observed in various works (see, for e.g., 
[3], [4], [5], jB] or [12J). Most important for our motivation, however, is the work of Simon [19!, who 
instrumentally used a direct variation of Reifenberg's property in showing the rectifiability of a particular 
class of minimal surfaces. Simon's property is stronger than Reifenberg's, implying greater regularity for 
his sets satisfying the property than Refenberg's in that, as is shown in this article, the sets are indeed 
J-dimensional. We note, however, that it is not immediately clear that Simon's property is the optimal 
property to be observed when considering minimal surfaces. 

The differing levels of regularity following from these two variants of Reifenberg's definition and the wider 
general interest in properties resembling Reifenberg's lead, first of all, to an investigation into further variants 
of Reifenberg's property. The aim being to discover what strengths of planar approximations are necessary 
to provide given desirable levels of regularity. Other forms of regularity that may be hoped for, in addition 
to the j-dimensionality of the approximated sets, are that the set be of locally finite measure, or indeed that 
the set be j-rectifiable. 

Observing such properties is made more important in the possibility of providing stronger and more direct 
regularity results for the singular sets of minimal surfaces, or indeed of extending the present results to a 
wider class of geometric flows. 

In this paper we undertake exactly this investigation. We observe twelve variants of Reifenberg's original 
planar approximation property. Both Reifenberg's and Simon's properties are included in this investigation. 

The twelve properties are classified with respect to which regularity properties they imply. Where, as 
mentioned, we consider regularity in the sense of below defined concepts of dimension, locally finite measure 
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and rectifiability. A major part of the classification is the construction of intricate sets interesting in their 
own right. These sets can be thought of as quasi-self similar fractal sets. The interest lies in the fact that 
the sets are 1 compact linearly well approximable sets in dimension 1 in a Reifenberg sense established in 
this paper, but are purely unrectifiable and not a-Jf^-Hnite. It is in proving the pure unrectifiability that a 
connection with number theory is established, in that the normal number theorem is used in the proof. 

In the following two sections we define and discuss the properties considered and prove the positive 
classification results. We continue in Section 4 by constructing counter examples sufficient to complete 
the classification. We conclude the classification in Section 5 by demonstrating the necessary irregularity 
properties. It is also in section 5 that the above mentioned interesting properties of the counter examples 
are discussed. 

Having completed the classification, we observe that Simon's property, that known to be related to the 
singular sets of geometric flows, leads to the most interesting classification results. Simon's property is shown 
to provide j-dimensional sets, but allow for sets that are both unrectifiable and of locally infinite measure. 
This interesting result is made more acute by the fact that any examples of sets satisfying Simon's property 
and possessing locally infinite measure must necessarily be complex at all critical points. Complex in the 
sense that neighbourhoods of a critical point have infinite measure but may contain no piece of Lipschitz 
graph intersecting the critical point. 

In Section 6 we prove the above mentioned complexity result, and then note that this also provides a 
criterion for showing that singular sets cannot possess such irregular properties. 

2. Reifenberg approximation properties 

In this section we introduce the list of approximation properties to be classified as well as the main 
Theorems that are proved in this paper. We first introduce some nomenclature. 

Definition 2.1. — In this paper we will use A to denote the closure of a set A and Br{x) to denote a ball 
of radius r around the point x. 

We write d^ to denote the Hausdorff distance as well as .^C^ and dim^ to denote the s- dimensional 
Hausdorff measure and the Hausdorff dimension respectively. 

We use int{A) to denote the interior of a set A, d(A) to denote the diameter of a set A and d{-, •) to 
denote the usual distance on Euclidean spaces. We may now define, for any A C R" 

A' := {a; G M" : d{x, A) < r} 

to be the r-parallel body of A. We write G{n,m) to denote the Grassmann Manifold of m- dimensional 
subspaces of R" and for y G R" we define 

Gy{n, m) -.^ {G + y : G e G{n, m)}. 

Finally, let ei,...,ej be the usual orthonormal basis vectors for . For j < n we identify W with the 
subspace ofM." spanned by {ei,...,ej}. 

More detailed definitions and descriptions of the above concepts can be found in most geometric measure 
theory or fractal geometry books. See for example [HI, |10| or [15| . 

Remark 2.2. — Although omitted in some works on fractal geometry we include the normalising constant 
in the definition of Hausdorff measure necessary to ensure Jf" — on R", where, here, is the 
n-dimensional Lebesgue measure. 

We now define the twelve variants of Reifenberg's property that are our main objects of consideration. The 
subtleties of the differences between the definitions are not initially easy to get an intuitive understanding 
of. Some further description of the definition is provided in the Remark following the definition. 

Definition 2.3. — 

Let A C R" be an arbitrary set and j G N; then 

(i) A has the weak j- dimensional 5 -approximation property (or wj property j /or some 0<S<lif, for all 
y E A, there is a py > such that for all p G (0, Py\ there exists Ly^p G Gy{n,j) such that Bp{y) r\ A d ^y''p- 
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(ii) A has the weak j -dimensional 6 -approximation property with local py-uniformity (or wpj property^ 
for some 0<6<lif, for all y G A, there is a py > such that for all p e (0, py] and all x G Bp^{y) n A, 
there exists L^^p € GxijTn) such that Bp{x) C] A G L^J'p. 

(Hi) The property (i) is said to he po-uniform (referred to as the wpoj property if A is contained in 
some ball of radius po and if, for every y G A and every p G {0,po], there exists Ly^p G Gy{j,n) such that 
Bp{y)nAcLlPp. 

(iv) A is said to have the fine weak j- dimensional approximation property (or wSj property^ if A satisfies 
(i) for each 5 > 0. 

(v) A is said to have the fine weak j-dimensional approximation property with local pyuniformity (or 
wpSj property j if A satisfies (ii) for each 6 > 0. 

(vi) A is said to have the fine weak j-dimensional approximation property with po-uniformity (or wpo6j 
property) if A satisfies (Hi) for each S > 0. 

(vii) A is said to have the strong j-dimensional 6 -approximation property (or sj property^ for some 
< 5 < 1 if, for each y G A, there exists Ly G Gy{j,n) such that definition (i) holds with Ly^p = Ly for 
every pG {0,py]. 

(via) A is said to have the strong j-dimensional S- approximation property (or spj property^ with local 
Py-uniformity for some 0<5<lif, for all y G A, there exists Ly G G{j,n) such that for all x G Bp^{y) 
and all p E (0, py] we have Bp{x) r\ A C [Ly + x^p . 

(ix) The property in (viii) is said to he po-uniform (referred to as the spoj property^ if A is contained in 
some hall of radius po and there exists L G G{j,n) such that for each x G A and p G (0,po] Bp{x) fl ^ C 
{L + xYp. 

(x) A is said to have the fine strong j-dimensional approximation property (or sSj property^ if A satisfies 
(vii) for each ^ > 0. 

(xi) A is said to have the fine strong j-dimensional approximation property with local Py-uniformity (or 
sp6j property^ if A satisfies (viii) for each 6 > 0. 

(xii) A is said to have the fine strong j -dimensional approximation property with po-uniformity (or spoSj 
property^ if A satisfies (ix) for each S > 0. 

Such a property as defined ahove will he referred to in general as a j-dimensional Reifenberg property or 
a Reifenberg property if the dimension is clear from the context. 

For a G {w, s}, /3 G {0, p, po}, 7 G {S} U (0, 1) =: A and j ^ n we write R{a, j3, 7; j) to denote the set of 
subsets o/R" satisfying the ajS^j property ifj = d and to denote the set of subsets o/R" satisfying the ajSj 
property with respect to 7 otherwise. 

Remark 2.4. — It is, at first, not easy to gain an overview of the properties and their differences. It should 
be noted that there are three main ingredients in the definitions: 

Firstly, whether the approximation is weak or strong. A weak approximation allows, for a given point, 
the approximating plane to vary with the reducing radius, the strong property does not. 

Secondly, py or po uniformity. A py uniform set must satisfy an appropriate approximation property at 
a given scale on whole neighbourhoods of points, otherwise, the appropriate approximation property need 
only be satisfied at the given selected point, po uniformity requires that such a neighbourhood, in fact, be 
the entire set. 

Thirdly, we differentiate between those approximations which are (5-fine, and those which are not. A 
(5- fine approximation requires that the definition holds for arbitrary S > 0, otherwise we require only that 
the property hold for some given S. Clearly if a set is (5-approximablc then it is Tj-approximable for each 
r] ^ 6 and thus wc arc interested in arbitrarily small 5 for (5-finc approximations. 

With this understanding of content, the property name abbreviations {wj property, spj property etc.) 
and set notation R{a, /3, 7; j) can be seen to be representative of the defining ingredients of the definition, 
which helps to distinguish which property is being referred to. 

Clearly strong approximations are stronger than weak. Similarly po-uniform approximations are stronger 
than Py- approximations, which in turn are stronger than approximations without radius uniformity. More- 
over (5-fine approximations are stronger than approximations which are not (5-fine. With this in mind, it can 
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be seen that the properties are hsted in essentially ascending order of strength. It is this remark that is 
stated formally in Proposition 12.51 

Furthermore, note that, for all but Section 6 in this paper, the approximations can be taken to be two 
sided. That is, each occurrence of an expression of the form Bp{y) f] A C Ly^p can be replaced with the 
appropriate expression of the form d^(i?p(y) n A, Bp(y)r\Ly,p). This leads to weaker regularity but stronger 
irregularity results. The concentration on one sidedness here is due to potential application to singular sets 
for which it is the one sided approximation type that arises. 

Note finally that the motivating property considered by Simon in [19J is exactly the wpSj property. The 
property originally considered by Reifenberg in fl7l can be stated as the two sided version of the wp^j 
property. 

We note formally some important relationships between the sets i?(a, /3, 7; j) following from the definition. 
Proposition 2.5. — Let j, n e N, j ^ n, a e [w, s}, /3 e {0, p, p^} and 7 e A. Then 

R{s,p,r.j) c R{w,p,rJ), 

R{a, Po, 7; j) C R{a, p, 7; j) C R{a, 0, 7; j), 

Ria,f3,6;j) C R{a, f3,^i;j) C R{a, I3,j2;j) for < 71 ^ 72 < 1, and 

i?(a,/3,7;j) C /3, 7; j + 1). 

Furthermore, if A C B E R(a, j), then A G R{a,l3,^]j). 

We classify the properties in Definition 12 . 31 by the level of regularity they ensure. Since, as shall be seen, it 
is certainly possible that sets with Hausdorff dimension greater than j satisfy j-dimensional approximations 
no great level of regularity can be expected. We therefore make a classification with respect to dimension, 
locally finite measure and rectifiability. More formally, the regularity properties with which we classify the 
above linear approximation properties can be stated as follows. 

Definition 2.6. — A is said to have strongly locally finite J^-' measure (or strong local J^f ^ -finiteness j 
if for all compact subsets K C M", J'^^{K C\ A) < 00, or equivalently, if for all y £ M" there exists a radius 
Py>0 such that J^^{Bp^{y) n A) < 00. 

A is said to have weakly locally finite measure (or weak local -finiteness j if for each y A there 
exists a radius py > such that J^^(Bp^{'y) Cl A) < 00. 

A is said to be -a -finite if there is a decomposition 

00 

A={jA, 

1=1 

such that J^^{Ai) < 00 for each i 6 N. 

A will be said to be countably j-rectifiable or simply j-rectifiable if there exist AIq C M" and Lipschitz 
functions {fi}°Zi satisfying 

00 

AcMoU\Jf,{W) 

1=1 

and Jif^{AI()) — 0. Finally, A is said to be purely countably j -unrectifiable if for all j-rectifiable subsets 
F cA, J^^{F) = 0. 

Remark 2.7. — We have included two types of locally finite measure because we wish to make a general 
classification and because both types occur in the literature. For weakly locally finite measure see, for e.g., 
[7] or [B]. For strongly locally finite measure see, for e.g., [5], [12] or [20] . Note also that the two definitions 
are not the same. Consider for example yy := [J'^^i R x {^}, which is weakly but not strongly locally J^f^ 
finite. 

Note also that we do not, as often is the case, require that a rectifiable set be of locally finite measure in 
either sense. 

With the above regularity properties established, we can formulate the regularity questions we ask of the 
Reifenberg-like properties in Definition 12.31 
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Question 2.8. — For each a G {w,s}, (3 e {0,/?, po} and 7 £ A, does P £ R{a,(3,^;j) imply that P 

(1) has dimension less than or equal to j ?, 

(2) has - (a) weakly or (b) strongly - locally finite ^if^ -measure?, 

(3) is j-rectifiable?. 

for each j eN? 

Our classification will answer these questions. We formulate such an answer by saying that the answer to a 
given property and question is either yes or no. For example, there are sets satisfying the wj property with 
HausdorfF dimension greater than j. We therefore say that the answer to wj (1) is no. With this system of 
classification, our first main theorem can be stated as follows. 

Theorem 2.9. — The properties defined in Definition \2.S\ satisfu the classification given in the table below 
with respect to the questions given in Ouestion \2.8[ 

Property Question 





(1) 


(2) 
(a), (b) 


(3) 


wj 


No 


No, No 


No 


wpj 


No 


No, No 


No 


wpoj 


No 


No, No 


No 


wSj 


Yes 


No, No 


No 


wpSj 


Yes 


No, No 


No 


wpoSj 


Yes 


Yes, Yes 


Yes 


sj 


Yes 


No, No 


Yes 


spi 


Yes 


Yes, No 


Yes 


spaj 


Yes 


Yes, Yes 


Yes 


s5j 


Yes 


No, No 


Yes 


spSj 


Yes 


Yes, No 


Yes 


spoSj 


Yes 


Yes, Yes 


Yes 



The proof of this theorem is a summary of results proven in Sections 3-5, and will be presented as such 
at the conclusion of Section 5. 

In proving Theorem 12.91 a very interesting example set arises which, despite satisfying very good linear 
approximation properties has very irregular measure properties. Our second main Theorem states the 
existence of this set. What makes the result even more interesting is the connection with number theory 
that is developed in proving that the set is purely countably 1-unrectifiable, see Lemma [5. 2 71 in that it makes 
use of the normal number theorem. 

Our second main theorem is stated below. 

Theorem 2.10. — There is a compact set A C K.^ with the following properties 
(i) A e R{w,p,5-, I), 
(ii) dirrij^A = 1, 

(Hi) A is neither weakly nor strongly locally J^^^ -finite, 

(iv) A is not Jif^ -a -finite and 

(v) A is purely countably j -unrectifiable. 

A proof of Theorem l2.10l is given immediately prior to that of Theorem l2.9l at the conclusion of Section 5. 

3. Regular Properties 

In this section we prove all of the regular properties that can be deduced from the linear approximation 
properties. That is, we prove all of the parts of the classification that can be answered with yes. Central to 
several of the regular results is the following lemma summarising results already in the literature. 

Lemma 3.1. — Let j, n eN, j ^ n and A C M". Then, 
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(i) there is a function /? : [0, oo) [0, oo) with lini,,^o = such that if A C M" and A G R{w, p, rj]j) 

for some rj G (0, 1), J+'^f'') (A) 0, 
(ii) if A ^ R{s,9,ri; j) for some rj G (0,1), A C U^j^Gfe; where each Gk is the graph of some Lipschitz 

function over some j -dimensional subspace o/R", and 
(Hi) if A G R{s, pQ,ri; j) for some r] G (0, 1), A C U^^^^G/t; where Gk is the graph of some Lipschitz function 

over some j-dimensional subspace ofW^. 

Proofs to the above results can be found in Simon [20J (stated on page 63) . The regularity results following 
from the above lemma are shown in the following Corollary. 

For the proof of the Corollary we need to consider the projections of sets onto planes. 

Definition 3.2. — By tt^ we denote the orthogonal projection from R" onto its ith component. More 
generally, for an affine plane in R", L, we denote by ttl the orthogonal projection from R" to L. Further, 
in R^ we will use R to denote the set {(a;, 0) : x G M}. 

Corollary 3.3. — The answer to each of the following Definitions is yes: 

(1) : wSj, wp6j, sj, spj, spoj, s6j, spSj and sp^Sj, 

(2) (a): spj, spoj, spSj and spoSj, 

(2) (b): spoj and spoSj, 

(3) : sj, spj, spoj, sSj, spSj and spoSj. 

Proof Let j eN, Ae R{w, 0, 6; j) and t>0. Take rj > such that /3{r]) < t where /3 : R ^ M is the function 
given in Lemma l3TT] (i). Since A G R(w, 0, d;j) 

P^,x ^ sup{r G R : r G i?^} > 

where, for each x A, denotes the set of real numbers po > such that, for all p G (0, po], there exists a 
j-dimensional affine plane L^.p for which Bp{x) n A C L''lPp. 

For each m G N define Am := {x ^ A : p^^.x ^ m~^}. It is clear that A = UmGN^m- Further, for any 
m G A,n, since Am C A and p^.a; is bounded below in Am, we see that Am S R{w, p,rj; j) with py ^ for 
each y G Am- It follows from Lemma O (i) that J^^+\Am) < Jf^+^'-'^^Am) = 0, and thus, since m was 
arbitrary, that < Jf^+\A) = EmeN ^■'^*(^™) = 0- We deduce that 

dimA = inf{s G i? : ^"(v4) = 0} s: j 

and it follows that the answer to w6j (1) is yes. 

Further, since R{w, p,5;j) C R{w,(l>,6;j) the answer to wp5j (1) is also yes. 

It is clear that any countable union of Lipschitz graphs over j-dimensional affine planes is j-dimensional. 
It thus follows from Lemma |3. II {ii) and (Hi) that the answers to sj (1) and spoj (1) are yes. Similarly to 
the preceding paragraph, by Proposition 12.51 we infer that the answers to spj, sSj, spSj and spaSj (1) are 
yes. 

Suppose now that A G R(s, pQ,ri; j) for some rj G (0, 1), that x G R" and p > 0. From Lemma [XT] (Hi) it 
follows that 

Q 

AnBpix) C \J gkiTTLABpix))) 
fc=i 

where Lk are j-dimensional affine planes and the functions gk are the Lipschitz functions over the Lk 
which, combined, contain A. Denoting by Lip/ the Lipschitz constant of a Lipschitz function / and setting 
M = maxfc{ Lip^fe} < oo it follows from the area formula that 

Q 

,^'{AnBp{x)) ^ J2'^'(9k{7:LABp{m) ^QMlJjPj. 

k=l 

Since x and p were arbitrary, the answer to spoj (2) (both (a) and (b)) is yes. 

We now note that should A G R{s, p,rj; j) for some 77 > and j G N, then, by definition, for each y G A 
there is a pj, > and an affine space Ly such that for all x G Bp^ (y) and all p G (0, py] Bp{x) Ci A C Lff. It 
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follows that Bp^ {y)r\A G i?(s, po: "H^ j) ^-iid thus, as m the precedhig paragraph, that (^p/2 {x)r\A) < oo. 

This shows that the answer to spj (2) (a) is yes. 

The remaining claims regarding answers to question (2) follow from Proposition 12.51 

For the answers to (3) we observe that Lemma [3.11 (ii) states that any set A satisfying definition sj can 

be written as a countable union of Lipschitz graphs. It follows from the definition of j-rectifiability that the 

answer to sj (3) is yes. The remaining claims now follow from Proposition 12.51 □ 

The remaining positive regularity results all concern the wpodj property. We show that, in fact, sets in 
R{w, po,S; j) are subsets of a finite union of affine planes and thus have all the regularity properties being 
considered. 

Lemma 3.4. — The answers to questions wpo6j (1), (2)(a) and (b), and (3) are yes. 

Proof. Let j G N, j ^ n and A C M". Let po be the radius given in the definition of the wpoSj property for 
which ^ is a subset of a ball of radius po . 

By the definition of the wpoSj property, d(A) ^ 3po and therefore, A is compact. It follows that we can 
choose finitely many points {yi, ...,2/q} satisfying A C U^j^-Bpo 

We show that for each i e {1, Q}, Ai :— ACi Bp^{yi) is a subset of an affine plane. 

Choose {(5fe}fcgN with 6k \ 0. By the definition of the wpoSj property it follows that for each fc G N there 
exists an affine plane Lk containing yi such that Ai C L^^''° . 

Since G{n,j) is compact with the norm 

\\Li - L2 1 1 := d,^ {Bp, (0) n Li.Bp, (0) n L2) 

there is a subsequence of {k} which we immediately relabel {fc} and an affine plane Li G G{n,j) such that 
{Lk - yi) Li. 

For any e > 0, we deduce, for sufficiently large k dependent on e, that 6kPo < £, Ai C L*''''" c L^''''"^'^ +yi, 
and thus A^ C L^*"^" C Ll" + yi. It follows that Ai C Li + y^. 

We infer that A is a subset of a finite union of affine planes, from which it follows that the answers to 
wpoSj (1), (2) (a), (2)(b) and (3) are yes. □ 



4. Constructing the counter examples 

By comparing Corollary 13.31 and Lemma 13.41 to Theorem 12.91 it is clear that all of the positive answers 
have been proven. We need to show that the remaining questions can be answered in the negative. Again 
using Proposition 12. 5[ we need only actually construct four counter examples. These are constructed below 
and shown to satisfy the required j-dimensional approximation properties. That the constructed examples 
possess the required irregularity properties is then shown in the following section. 

Construction 4.1. — We construct 



00 



^ := y M X <! - ;> C 

n=l 



n 



1)2 



A := IJ IJ graph 



{-ly 



c 



It has already been noted that c/K is weakly but not strongly locally Jf^ finite. The above easy examples 
will be shown to satisfy the spydl and sSl properties respectively. They will further be shown to be not 
strongly, weakly and weakly locally Jif^ finite respectively. The examples showing that j-dimensional ap- 
proximations can have too great a dimension or not be j-rectifiable are, of course, somewhat more complex. 
In construction 14.41 we construct a class of sets, variants of the Koch curve, from which we will be able to 
select two specific sets which, as well as satisfying the necessary measure properties, satisfy the wpol and 
wpSl properties respectively. 

In constructing the class of sets we use the following definition. 
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Definition 4.2. — Let 

L{a, b) = ((ai, 02), (61, 62)) ■.= {xeR'' :x = t(ai, 02) + (1 - 62), t £ [0, 1]} 

be a line in and < Q < 7r/4. We define a Q-triangular cap on L, T , to be an isosceles triangle with 
base line L and base angle O. This definition initially leaves two options available. Should L be an edge of 
a previously constructed triangle, Tq, then T is chosen such that M''^{T C\Tq) > 0. T is otherwise chosen 
arbitrarily. 

Definition 4.3. — Let * C K'^ 6e the set of all non-increasing sequences {6n}^=i with < On ^Oi < 7r/24 

We now define the class of sets from which our remaining counterexamples will come. It is a class of 
variants of, as mentioned, the Koch curve which allow the angle of the approximating triangles to reduce as 
the order of approximation increases. 

Construction 4.4. — Let Q = {Oi}^i e and := T^-^ be a 9i-triangular cap on [0,1] x {0} =: 
^0,1 — • ^0 • 

Write Afi and Afi for the two new edges with 

^Mn{(o,o)}/o. 

Define T®]^ and Ti'2 to be the 92-triangular caps on i and 2 respectively so that T^i H Ti'2 C . 

Suppose now that 2" 9 n+i -triangular caps {T^^lf^i with disjoint interiors have been constructed with 
{(0, 0)} G T^^, and T^, n T®^- 7^ only tf\t-j\^\. 

Define {A^_^_^ i}|=i be the 2"+^ shorter sides of the isosceles triangles T®^ such that {(0,0)} 6 ^^+1 1 
and A^^^ ^ n A^^^ j ^ ^ o?i/?/ if \i — j| ^ 1. Define {T^j^^ i}|=i be the 2""*"^ 9n+i-triangular caps on 
A^+i i respectively, defined so that T^_^^ ^ C T^j for some j £ {1, 2"}. 

For each n G N define A^ := uf^l'^Q^ and vSfl^T^^^. Finally, define 

CO 

Should the Q be clear, as will usually be the case, then the superscripts will be omitted. 
We also define 

Definition 4.5. — Let 9 G For each n G i G {1, ...,2"}, define En,i{Q) to be the corner points of 
the triangle Tnj. Define 

2" 

En{e) ■.= \jE„4e) 

1=1 

and 

00 

E{e) = y En{e). 

n=l 

Remark 4.6. — For 9n constant in n, s^q is a flattened version of the Koch curve first constructed by 
Koch in [13] flattened to the height {tan9i)/2. We shall find sets of the above form in R{w,po,ri; 1) and 
R{w, p,d; j); this will be sufficient to complete our classification. 

A set s/q for G a constant sequence allows the construction of sets satisfying the wpol property for given 
(5 > when sufficiently small 9, dependent on 6, is selected. 

For constant sequences Q, however, £/q ^ R(w, p, 5; j), as the large changes of direction at points in E{Q) 
do not allow appropriate approximation for small 6. It is for this reason that the sequences are allowed to 
tend toward zero, as doing so allows the sets to become arbitrarily flat at appropriately chosen scales. Even 
allowing 9„ to tend toward zero does not completely remove the problem at points in E{Q), but the removal 
of E(0) from £/q in an appropriate manner discussed later allows this problem to be circumvented. 



A CLASSIFICATION OF REIFENBERG PROPERTIES 



9 



A bound on 6i is important in the following results as it allows restriction on how quickly sets h/q spiral 
in upon themselves. Although 7r/24 may not be optimal, finding an optimal constant to bound 9i is not 
important in this work. 

It is clear that in order for a set to be j-dimensionally linearly approximable and of dimension greater 
than j, the set must be complicated. We have, however, seen that all sets satisfying the wpSj property are 
j-dimensional. Combined with the fact, as we shall see, that A is a counter example to locally J^^-fmite 
measure for the w6l property, it is not immediately clear that an example as complicated as a set in 
is necessary as a counter example to the locally Jif^ -Unite measure of sets in R{w, p, S; 1). We show that any 
such counter example must necessarily be complicated in Section 6 in a sense related to rectifiability (See 
Theorem [12]). 

For simplicity in working with the approximating sets, we make the following definition concerning the 
use of the indices. 

Definition 4.7. — Let 9 G '5. We define i : N x £>/q ^ N by 

i{n, x) := mm{i G {1, 2"} : x € Tn^i\. 

Furthermore, we define 

J :Nx {l,...,2"}^{l,...,2"-i} 

to he the function defined so that Tn,i C for each 7i £ N and i G {1, 2"}. 

Remark 4.8. — In general there is only one i G {1, 2"} such that x G Tn^i- There are however, two such 
i for each x G E{Q) which makes taking extra measures, here taking the minimum, necessary. 

Having constructed the sets that will be used to show the irregular properties relevant to Theorem 12.91 
we next show that the constructed sets do satisfy the necessary Reifenberg properties. That is, we show that 
■yV satisfies the spSl property therefore the Si51 property, that A satisfies the sSl property and therefore the 
si and wSl properties, that sets in satisfy the wpol property and, for appropriate choices of Q, that 

£/q also satisfies the wpSl property. 

In the next section we show that the constructed sets posses the necessary measure theoretic properties 
to be used as counter examples. 

Proposition 4.9. — For each rj g (0, 1) 
(i) jV G i?(s, /5, i5; 1) C i?(s, p, 77; 1) and 
(li) A G i?(s, 0, (5; 1) C i?(s, 0, r?; 1) n R{w, 0, (5; 1) . 

Proof. Let y (j/i, l/uy) G -jV . Set Lj, := M x {l/riy}. Then, for aU (5 > 0, a; G ^ n -B(3(„„+i))-i (y), and 
allpG (0,(3(nj, + l))-i], 

Bp{x) n ^ C Ly = Ly + X - y C L^f + x - y 
so that ^ G R{s, p, S; 1) proving, together with Proposition 12.51 (i). 

Let Sq > 0. In observing A there are two types of points to consider, x — (0, 0) and otherwise. If 
X = {xi,X2) G A but x =^ (0, 0), then x G graph ^Mjji^ilMni^lhl'^ for some n G N and for = J^j^ 

„ , , , , / sgn{xi)sgn(x2)x'^\ 

Br^ (x) n A C graph ( \l — ) ■ 

Since a;^ is differentiable, there is a tangent line to the graph of sgn{xi)sgn{x2)x'^ /n at x and a radius, 
rx ^ = r^i (Sq) > 0, such that for all 

, / sgn(xi)sgn(x2)x'^\ „ , , 
y G graph i ^ ) n B,^, (x) 

l^^L^iy) - T^L^{x)\ < SqIttlAv) - t^lAx)] 
so that Br{x) n A C 1^°'^ for each r G (0, r^^J. 

If a: = (0,0), then by construction, we may choose and note that for |a;| < 60 
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for each n G N. Thus, for each r G (0, 5o], A n B^((0, 0)) C L^^". 

Noting that in each case (5o > was arbitrarily selected, it follows that A G R{s, 0, 6; 1). □ 

The proof that sets G (^) satisfy particular Reifenberg properties for appropriate 9 G ^ is somewhat 

more involved. The difficulty lies in the fact that the sets =e/e begin to spiral in on themselves as the 
level of approximation via the construction increases. Spiraling is clearly an unwanted property for linear 
approximation. 

We get around the problem by first proving that any spiraling is not too tight. To do this we need to 

control the angles between the triangular caps, which we first define. 

Definition 4.10. — LetV e G{2, 1), a g andO < s < 1. We define 

C{x, V, s) := {y G M2 : diy - x, V) < sd{x, y)}. 

Definition 4.11. — For lines Li^L^ C M? we write Li\\L2 to denote that the lines are parallel. 

FornGn,iG {1, 2"} and 6 G * let G® ^ G G(2, 1) be the line satisfying Jl^® j. For z gR'^ define 

G^f := G®j + z. As usual, the superscript Q will be suppressed if it is clear from the context. 

Also, suppose that L is a line in of finite length with midpoint I, then we use Ol to denote an orthogonal 
isometry Ol ■ L ^Rx {0} satisfying Ol{1) = (0, 0). 

Definition 4.12. — For G & G(2, 1) let G-.M? ^R? denote the rotation satisfying G{G) = R, 
G{z) -K2{z) >OforallzGGifGT^ R, and G{z) = z if G = R. 

Let A,B c R?, G G G(2, 1) is then said to divide A and B if there is a g G G such that 

7ri(G(a;)) < 7ri(G(g)) for all x G A 

and 

^i(G(y)) ^7ri(G(.g)) /or allyGB. 

For AjBcR"^ we write G^ to denote the set of elements of G(2, 1) that divide A and B. 

If A and B are sets that can be divided by some G G G(2, 1) and which have a common point z, then the 
angle between A and B, is defined by 

V'b := min{6' : C{z, G + z, tanO) D A\JB,G gG^}. 

We show that a set .a/e does not spiral too tightly by showing that for each triangular cap, Tnj, there 
is an appropriately large neighbourhood of Tnj, Rn,ji in which s^q n Rnj meets only T„j and its direct 
neighbours. 

Lemma 4.13. — Let Q G vf. Then 

(i) should two neighbouring tria,nglula,r caps, T„,i and Tn,i+i, be contained in another (necessarily earlier) 
triangular cap Tm^j(i) (m < n) then i'T^'-^i ^ ^ 29i and 

(a) the rectangle 

Rn,i := TTi {OAn,i {^k:\i-k\^\Tn,k)) X [-2^^(A„_i), 2Jf 

satisfies 

Proof. For (i), let T^^i and Tnji+i be two neighbouring triangular caps with common point z. Then, by the 
construction of si^&, z = Zni+i,2ii is the vertex of a triangular cap T„j^jj for some m ^ ni < n. (where in 
general z„,i := T„,j_i n T„,j). 
Define 

<^ni,ii(^) '■= {H'^G„,,,,zizn^+i,2h+i) - z) : A > 0} + 2: and 

^rai,ii(^) ■= Gni,iiZ ~ G^^ ^^{z) 

SO that 

Gi„iA^)nG-^.^{z) = {z}, 
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We deduce that Gni.ii divides An^+i^2ii and Ani+i,2ii-i and that 

Since T„j+i^2n-i and T„^+i^2ii ^i'® constructed on the interior of T„^_ij with base angle Om+i, it follows that 

T G~ ■ -\-z 

^G+^'+T' ^ ^ni +^ni + l and Vt„7;i'..,, < ^"i + Pni+1 



and therefore that 

11 + 1, 2»i 

Now, since {^„} is a non-increasing sequence, 9ni+i ^ dm ^ ^ ^i and thus 
We finally note that T„^j c Tn^^i^ and T^^j+i c T„j^jj+i so that 

V^^^'*^^ < < 2^1 

proving (i). 

To prove (ii) we first prove the claim that if T„^j and T„_j are triangular caps with 2 < |i — j| ^ 3 then 

TTi 0^„,i U T'n.fe n7ri(0^„ ,(T„j) - {2;„,i_i,z„,i+2}) = 0. 

V \fe:|i-fc|<2 // 

We prove the case for j — i > 0, the other case following symmetrically. From (i), V't^ I+i ^ 2^i and 
V)^"''"^' < 26li. We deduce that V^"'' ( x < 4^i. Moreover, since Vt""'"^' < 26li, 



It thus follows that ■0^'*'' / ^ < 6^i. 



Set Go € G(l,2) to be the line minimising V't" '+3~(z +2-^ +i) ^'^^ G := Go + Zn,i+i- We then have 

G(2;n_i+1, G, 60l) 3 An,i U — (2n,i+3 " ^n,i+l))) 

and thus 

Oa„,, (G(^„,i+i, G, 6^1)) C G((J^i (^n,i)/2, 0), K, 12^i). 
For the appropriate selection of two possible ^ it follows that 

0A„.,(T„,i+3 - iZn,i+3 - Zn,i+l)) C C+ {{jf\An,i) /2,0),R, 12^i). 

where for x,9 eM., 

C+{x,R,e) := C{x, R, e)ri{y: m {y) ^ x} 

and 

G" (a;, R, 61) := G(a;, M, 61) n {?/ : tti (y) < a;} 

We deduce, for zs := Zn,i+3 — ^n,i+i, that 

0^„_.(r„,i+3) C G+(Gr^i(A„,,)/2, 0) + Z3,R + Z3. 120i). 

This being the worse of the two possible cases for j, namely j = i + 2 or j = 1 + 3, an identical procedure 
can be used to show that 

Oa„,.(T„,,+2) C C+iiJf\An,^)/2, 0) +Z2,R+ Z2, I29i) 

where Z2 := Zn,i+2 - ^n,i+i- 

Since 861 < \26x < f , it follows that 

7ri(OA„,i(T'„_i+2 U T„,j+3)) C [7ri(0A„,i(^ ))>oo) 



12 



AMOS N. KOELLER 



and 

'^l(OA,.,,(7'„,i+2 Ur„,i+3) - {z„,i+i,z„,i_2}) C (7ri(OA„,,(2:n,j+l)),oo). (1) 
A similar argument yields 

Oa„.,(T„,,+i) c C+((Jrl(A„,,)/2,0),R,4^^l) 

and 

Oa„,.(T„,,_i) c C-{-{y^\An,^)/2,0),RA0l), 

so that since 40i < tt/2 — di 

max{7ri(y) ; y e OA„,i(T'„,i+i)} = 7ri(0^„_,(z„^i+2)) 

> 7ri(0^„ ,(z„^i+i)) 
= max{7ri(y) : y G Oa„,, (T^.i)} 

= 7ri(0^„_.(z„,,))+^^'(Av) 
niax{7ri(y) : y £ OA„,i (T'„,i_i)}. 

Thus clearly tti (Uj:|i_j|<20A„ i (Tn.j)) C (—cxd, 7ri(Oyi^ ^ (•2n.i+2))], which, together with ([IJ proves the claim. 

We now prove (ii) by induction over n. Since there is 1 triangular cap in Aq and there are 2 triangular 
caps in Ai the result is obvious for n = and n = 1. For A2 there are four triangular caps, meaning that 
there is something to prove. However, we note that for any chosen i every trianglular cap is either in the 
triple around i or has an index j satisfying 2 ^ |i — j| ^ 3. Since jz/e is a subset of the four triangular caps, 
the required result follows directly from the above proved claim. 

We now prove the inductive step. We suppose that the hypothesis holds for all triples {Tp^i^i, Tp^i, Tp^^+i} 
for a given p G N and show that it holds for an arbitrary triple {Tp+i^i-i, Tp+i^i, Tp+i^i+i}. We set 

T := U{rp+i^,;_i, Tp+i^i, Tp+i^i+i}. 

Note first that 

IJ Tp+i^j C IJ Tpj, 

j:\l-j\<2 ]:\h-j\<2 

where ii = j{p+ 1, i), so that the triple is in fact a subset of a triple in the pth construction level. This triple 
in the pth construction level, by construction, contains exactly 6 trianglular caps in the (p+ l)th construction 

l2ii+2 
/j=2ii-3 



level, namely {7p+i.j}?^2i^-3 '^ith Tp+i^i G {Tp+i_2n-i, '7p+i,2ii }• We also have by the inductive hypothesis 



that 

2ii+2 

j^/e^RpM c IJ Tp+ij. 

J=24i-3 

It follows that 

2ii+2 

■s^e n Rp+i^i n i?p,ii C [J Tp+ij. 

J=2ii-3 

Now, since i G {2ii — 1, 2ii} we see that for all j G {2ii — 3, 2ii + 2}, either \i — j\ < 2 or 2 ^ I* ^ J I ^3. 
From the claim above it follows that for each j such that 2 ^ K — j| ^3, (Tp+ij- ^ T) H Rp+i.i — 0. Thus 
n Rp+i,i n i?p,ii C T. The proof is thus complete in the case that Rp^i^i C Rp,ii , as in this case 

£/q n Rp+is — ■B^B n Rp+is n Rp^i^ c T. 

It is clearly sufficient to show that Oa^ i-^^{Rp+i,i) C (^p.ii )• For p G N and j G {!,..., 2^}, define 

'^p j '■= J^^iAp.j). Without loss of generality we may assume that 

0,,M C A(,„.0,,(-i|..0).(0.^=^)) 

c A ((„.„,, (-i|..o).(o.:S.)) 

where A(a, 6,c) denotes the triangle in with vertices a,b and c. The other cases follow with symmetric 
arguments. 



A CLASSIFICATION OF REIFENBERG PROPERTIES 13 

By the selection of 0, the construction of and we see that 

^1 f U ^ [-l-5.1]^P+i,.- (3) 

\j:|''-j|<2 / 

Set r] := 2cos(37r/8)Jf^_^i^. Since 29p+i =^ 20i < 7r/8, it follows from ^ that 

MOa,,, (Rp+i.)) C [-1.5 - 77, 1 + C [-2.3, 1.8]^p+i,,. 

By ^ and since 7r2(Oyip.i^ (7p+i,i)) ^ 2sm0i^^;^ ^ ^ 0.15J^_,^j j we also have 

^2(OA„,.,(i?p+i,.))c[-2,2.15]J^p+i^, 

and therefore 

OA^,,{Rp+l,^) C [-1.15,0.9]^p,,^ X [-l,l.l]^p^,^. (4) 

Using again Op ^ 9i ^ tt/S we calculate [771(0^^^ {Tpj))\ > 0.9J^p ^ for j = ii ± 1, and therefore that 
Hence, by (g]) 

Oa,^.,{Rpm) ^ [-1.4,1.4]^^^^,^ X [-2,2]^^^,^ D O^^^^(i?p+i,0, 
completing the proof of (ii). □ 

To appropriately apply the restrictions on spiraling we also require estimates on the lengths of the line 
segments A^^. 

Lemma 4.14. — Let Q = {9n}^^i e * and to e N. Then 

m 
i=l 

and thus 

i=l 

Proof. By the construction of the 0i -triangular cap on Aq, To.i, we see that 



as required. 

Similarly, assuming 



.^\A„,,,)^2-"'\{{cose,)-^ 



for some m and i, we see by the construction of the 0„j+i-triangular cap on Am,i^ Tm,i that 

i=l 

for j G {2i — 1, 2i}, so that the result now follows by induction. □ 

With the above estimates on the measure of the An.i and on the rate of spiraling, we can now present a 
general result describing when a subset of a set jz/q satisfies a rather weak Reifenberg property. 

Lemma 4.15. — Let 77 > and G 5*. Suppose that for all x ^ A C h/q there is an r^ > such that 

Ux '■= max{l,min{n : B^r^ix) fl i?„+i(8) 0}} 

satisfies 

50,1^ < i^r] '■— tan~^{rj). 

Then A e R{w, p,r]; 1) . 
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Proof. Let x ^ A. We show that for each y £ Br^{x) and r e (0,rj;] there is an Ly^r G Gy{2, 1) such that 

n Br{y) C L^:,. 

Since is monotonicahy non-increasing 

fi^n < 26'„_i + 36'„_2 < -iAT? for all + (5) 

Furthermore, for each y £ Br^{x) H A and r G (0,ra;] there is, by Lemma 14.141 and the selection of an 
Tlx + 1 satisfying 

^'(AH,,)G['^/2,r) (6) 

for each j G {1, 2"i}. We now choose 

By ^ and Lemma 14.131 we see that 

Br{y) n T„,,, for \j - i{ni,y)\ > 2. (7) 

From ([5]) and ([5]) and the selection of ni we infer that the vertical height of Tn-i^i[ni,y) is smaller than r-q, 
thus 

-^ni,2(ni,y) ^ ^V-T (^) 

and, in particular, 

{^ni,i(ni,y): ^ni,i{ni,y) + l} C C {y , Lyj. , "4^7]) ■ (9) 

Moreover, from Lemma [4. 131 (O and the selection of rii we deduce 

< 2'/'"== + ^'Ani < (10) 

for i G {i{ni,y) + 1, i{ni,y) + 2} and 

V-t""?/"" , < + 20ni < V-r, (11) 

for i G {i{ni,y) - 2,i{ni,y) - 1}. From (O, UHl) and (HT)) it follows that 

Tm,i C{y,Ly^r,ipri) for \i - i{ni,y)\ < 2. (12) 

Since 

C(2/,L^,,,^^)ni3,(y) Ci;jy, 

it follows from Q, Q and (HH) that 

£/enBr{y) C y T„,,J nB,(y) C (T„,,,(„,,j,)UC(y,ij,,,,V'^))nB,(y) Ci;jy,. 

i(ni,y)l / 

□ 

For the purposes of our classification we need sets £/q satisfying differing Reifenberg and measure prop- 
erties. Suitable candidates can be chosen via appropriate selection of Q. 

Definition 4.16. — Define 

■■= {e = {0n}^=i e * : e„ = 01 for all n G N}, 
*o {B G * ; lim e„ = 0}, 

n— >-oo 

0) {^e : e = {0n}nen ^^c'-Oi^ 0}, 
^(*c) U ^(*c,6l), anrf^(*o) {^e : 6 e *o}- 

ee(0,7r/24) 

Remark 4.17. — We show that the sets in ^(\I/o) and ^(v^c) are the elements of ^(\I/) that satisfy the 
appropriate Reifenberg properties. 

Lemma 4.18. — (i) {A^x/q- E{Q) : 9 G ^-o} C R{w,p,d;l). 
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(ii) There is a monotone increasing function 77 : M — ^ M such that, for any j G N and (3 > 0, 

Proof For (i): let /3 > and A e {A = jz/q ^ E{Q) : 9 e *o}- Since O e^o there is an no S N such that 
59n < Tpp tan^^{P) for each n ^ tiq- 

Since A H £',i„+i(8) = and £'„„-|_i(8) is cfosed, d(a;, i?„g+i(0)) > for each x E A. For each x £ A 
define, 

_ d(x,g„„+i(9)) 
v.- 3 

By selecting r^ in this manner the hypotheses of Lemma 14.151 are satisfied and we deduce that 

A e R{w,p,l3; 1). 

As /3 > was arbitrary (i) follows. 
For (ii): set ?7(/3) := (ton-i(/3))/5. 

If 6 e now satisfies di < rj, then the hypotheses of Lemma [4. 151 are satisfied for A £/q by choosing, 
for any x G any r^ > 0- The result follows. □ 

5. Irregular Properties 

Having shown that ,yK, A, and particular elements of satisfy the required linear approximation 

properties, it remains to show that they each have the necessary measure properties to be counter examples 
to the appropriate questions. 

It is easily shown that respectively A, are not strongly, respectively weakly, locally ^^-finite. For 
A G £/{'$c), dimjffA > 1 follows from its properties as a self-similar set (being a flattened Koch curve) 
which we show shortly. That such a set is not of locally finite Hausdorff measure and not rectifiable follows 
directly. For A ^ j2/(5'c), A is not actually self-similar and showing that A is neither locally ^-finite nor 
1-rectifiable requires a bit more effort. 

Lemma 5.1. — A^ does not have strongly locally finite J/^^ -measure. A does not have either strongly or 
weakly locally finite -measure. 

Proof. For A^ , consider x := (0, 0) G M^. We see that for each p > there are infinitely many lines of length 
p/2 contained in Bp{x) so that J^^{Bp{x) fl o/K) = cxo. As this is true for each p > the result follows. 

We consider again x := (0,0), which lies in A. Now, for any chosen > and p > we see that 
there are infinitely many lines of length greater than or equal to p within Bp(x) fl L and therefore that 
,j^^{Bp{x) n A) = CO, completing the proof. □ 

Showing that dimjffA > 1 for A G £/{'i>c) also suffices to show both that A has neither weakly nor 
strongly locally finite J^^-measure and that A is not 1-rectifiable. That dimjffA > 1 for any A G ^(4'c) 
follows directly from standard theory once we have established that £/q satisfies Hutchinson's |TT] open set 
condition. 

Definition 5.2. — Let {X,d) be a metric space. A transformation Lp : X ^ X is called a contraction 
if there is aQ < r < \. called the contraction factor 0/1^9, such that d{ip{xi),ip{x2)) ^ rd{xi,X2) for all 
Xi,X2&X. For a collection .y := {si, sq} of contractions, A G X , andnGN, we write 

<i>"(A) := |J{s,„ o ... o s,, (A) : (zi, *„) C {1, g}"}. 

In this case, a set K , satisfying 

K = \\ s{K) = lim $"(A), (13) 

is called an attractor of 5^ . Here, A is an arbitrary compact subset of X and the limit is taken with respect 
to the Hausdorff distance on X . 

In the case that d{ip{xi), ip{x2)) — rd{xi,X2) for all Xi,X2 G X, ip is called a similitude. The unique 
compact attractor of a family of similitudes is called a self-similar set. 
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Remark 5.3. — That the compact attractors of famihes of contractions and, in particular, simihtudes 
exist, are unique, and are independent of the choice of A in (jl3p is a standard result. See, for e.g., Federer 

m- 

Definition 5.4. — Let := {Si, Sq} be a collection of similitudes on R^. is then said to satisfy 
the open set condition if there exists a non-empty open set O such that 

(V U?=lS^{0)cO, and 

(2) S,{0)nS,{0)=9 ifi^j. 

The key result concerning the dimension of ^4 S ^ i^c) is a proof that A is the unique compact attractor 
of a family of similitudes satisfying the open set condition, as the dimension of any such set is then given by 
Hutchinson's Theorem. 

Theorem 5.5. — (Hutchinson) 

Suppose := {si}^^ is a family of similitudes on satisfying the open set condition with contraction 
factors {Ai}"4i "^^"^ ^^'^^ ^ unique compact attractor for . Then dim^K is the unique € M 

satisfying 

m 
i=l 

Remark 5.6. — The existence of the unique number ry was proven by Mandelbrot [14J. Hutchinson's 
theorem can be found in many books on fractal geometry as well as in Hutchinson's original paper [1 1 j . 

Proposition 5.7. — Let Q e'i'c- 

Then there exist similitudes 5*1,52 : — )■ with contraction factor A {2cos9i)^^ satisfying the open 
set condition for which si/q is the compact attractor. 
In particular 

ln2 

dim^Me = 

Ln\ 

Proof. As 9 e *c 

we can define G M so that 9 ~ 6^ for all n G N. Let 



M := 

for i G {1,2} and define 



cos((-l)^6' - tt) -sin((-l)*6'-7r) 
sin((-l)'6' - tt) cos{{-iye - tt) 



5i:=Mi.a( + ( J) and52:^M..A(;) + (f 

where h := {tan9)/2 is the vertical height of Tq^i. 

By inspection, the transformations si and S2 are similitudes with contraction factor A. Direct calculation 
shows that 

Ti = si(ro)us2(ro). 

Suppose that there is a bijection, 

j„:{l,2r^{l,...,2"}, 

such that, for each / = (zi, i„) G {1, 2}", 

Si„ o ... o Sj^(ro) = T„j„(/), (14) 

giving $"(To) — Tn, as is the case for n = 1. By showing that the same supposition then holds for n + 1 we 
deduce, by induction, that the supposition holds for all n G N. 
Now let (ii,...,i„+i) G {1,2}"+!. We see 

5,,(ro) -Ti,,;, cTo (15) 

is a triangular cap on Ai^^^, a shorter side of the isosceles triangle Tq. For Ii := (12, in+i) £ {1, 2}" , the 
induction hypothesis gives 

° ••• ° Si2{Ta) = T'n,i„(/i)- 
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Since the transformations si and §2 are similitudes it follows that 

Sin.+i ° ■•• ° Si^{To) 
is a 0-triangular cap on a shorter side of Tn.j^^(i-i^). That is 

°---oshiTo) e {T„+i_i}^^|' and s,^^^ o...os,^(To) cT„j^(/^). 

For (ii,...,i„+i) ^ (fci,...,fc„+i) e {1,2}"+! either 

(i) ki ^ ii or 

(ii) h ■■= (fc2, fc„+i) ^ h- 

In case (i) S'ii(To) = Ti,;! ^ ri,fci = Sk^iTo) and thus 

+ l ° •■■ ° Sil (To) 7^ Sfe„ + i ° •■■ O Sfei (To)- 

In case (ii) 

Si„ + i O ■■• O (To) C Tn,j„{h) ^ TnJ„{l2) ^ Sk„ + i ° ■■• O Sfe^ (Tq). 

It follows that {s,j^^j0...osii (Tq) : (ii, i„+i) G {1, 2}"+^} is a set of 2"+^ different elements of {T„+i_,j}f2i^ 
We deduce that the supposition, ([13]), also holds for n + 1. We deduce that 

$"(ro) = T„ 

for aU n e N, 

Since d,^{Tn, s^e) ^ d{Tn,i) ~ J^^{An,i), and lim„_^oo -^^(^n,i) = 0, it follows that s/q is the attractor 
of {si, S2}. 

Setting now s = —ln2{lnX)^^ we observe that 

2 

1=1 

so that the result now follows from Theorem 15.51 □ 
From the above Lemma we deduce the necessary measure properties for sets in ^(^c)- 

Lemma 5.8. — For each £/q S £/{^c), dim^s^Q > 1, £/q has neither strongly nor weakly locally -finite 
measure, and is not countably 1-rectifiable. 

Proof. From Proposition 15.71 

Since all compact subsets of weakly locally ^^-finite, strongly locally J^f ^-finite, or 1-rectifiable are of 
HausdorfF dimension 1, we deduce that jz/e can possess none of these properties. □ 

Remark 5.9. — It is actually also true that each si/q £ is purely 1-unrectifiable. As in this case 

is a Koch curve this is not a new result, however, the result also follows from our analysis of sets 
G ^(*) n R{w,p,6; 1) below. See Coronarv lOTl 

Showing that elements of j2/(5') H R{w, p, S; 1) satisfy the necessary measure properties is somewhat more 
delicate as, by Lemma [3.1[ any such set has Hausdorff dimension 1. A simple summary of measure properties, 
as in Lemma [5.81 via Proposition 15.71 is therefore not possible. A suitable example of a set in R{w,p,S; 1) 
with the appropriate measure properties is a subset of an element of £/{'i'o). That G ^0 is, however, also 
not a sufficient condition. To find the conditions on Q necessary to ensure the desired measure properties, 
we need first to consider the representation of a set by a function. 

Definition 5.10. — We define the dyadic points in [0, 1] by 

Dn {dn,j := j2-" : j G {0, 1, 2"}} and D := \J D^. 

nGN 

Definition 5.11. — Let 6 G 5*. We define Fn : [0,1] — > to be the Lipschitz functions satisfying the 
conditions 
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(1) -^rf l[d„,,d„,+i] is linear, 

(2) F^{dr,,j) = E^^ for J e {0,1,..., 2"}, and 

(3) i^„Q(K,„d„,,+i]) = Al^^, for] e {0, ...,2« - 1}. 
Define '■ ^o.i — ^ ■-'^Q by 

^e{x) := lim F^{x). 

Remark 5.12. — (1) In the case that the 9 being refered to is clear, the sub and super script Q will be 
omitted. 

(2) For all y e [0, 1] there is a sequence j{n, y) such that 

Since d{Tnj) — >■ as n — oo, it follows that is well defined. 

(3) It is easy to check that ^{D) = E. 

(4) By the definition and Lemma [4. 141 it is clear, for each n £ N, that F„ is a Lipschitz function with 

n 

LipF„ = Y[{cosei)-\ 

i=l 

Proposition 5.13. — For any S 'f, is a bicontinuous bijection. 

Proof. For y,z E Aq^i, y ^ z we can find n,j,k G N in order that y € [dn,j-i,dn.j] and z G [dn,k-i,dn,k] 
with \j - fc| > 2. It follows that ,^{y) G r„j and ,^{z) G T^^k- Since T^^k n r„j = 0, 7^ ,^{z) and 

hence ^ is injective. 

Suppose z G then z G Tn_i[n.z) for each n G N. Choose 

■^2 £ ['^n,i(ri,z) ) '^n,i(Ti,z) + l] • 

riGN 

Then 

n 

lim \F^{x)-z\^ lim d(r„.,(„.,)) = lim 2"" rr(cos0,)-i = 0, 

liciicc ^(a;) = 2; and ^ is surjective. 

Let 77 > 0, then there is an n G N such that diam{Tn.j) G [?7/4, 7;/2). Let 6 = 2^"^^ and x, y G Ao,i satisfy 
y — a;] < (5. It follows that there exists k G {0, 1, 2"} such that x, y G [dn,fc-i, dn,fc+i], and therefore that 
Fm{x),Fm{y) G r„,fc U r„,fc+i for all m ^ n. 

Let m G N, if m ^ n 

|i^^(a;) - F„,{y)\ < LipF^6 < (1 + TOl6e2)i/22-" < dmm(T„j) < 77. 

If m > n, |f„i(x) — Fm{y)\ < diam{Tn.k) + diam{Tn.k+i) < {^"n}neN is therefore equicontinuous. 

{-FnjnGN IS both cquicontinuous and bounded, it therefore follows from the Arzela-Ascoli Theorem that 
^ is continuous. In turn, since [0,1] is compact and =^ is a continuous bijection, we deduce that is 
continuous. □ 

assists greatly in proving measure results concerning jz/q. We use firstly to show the infinite 
measure of appropriately selected For 9 :— {^ijieN G ^'o: with sufficiently rapidly decreasing di, 

lim„_^oo rir=i('''''^^»)~^ < so that by Lemma |4.14l and simple calculations, as in the above Proposition, 
it follows that £/q is a Lipschitz curve. As a Lipschitz curve has very regular measure theoretic properties, 
such sets are not the sets sought. This motivates the next definition of a new subset of jz/ (^t) in which our 
counter example will be found. 

Definition 5.14. — Define 

^00 := < 9 G ^' : lim TT(cos6'„)"^ = 00 } 

I i=l ) 

and 

j2/(*oo) {j/e : 9 G *oo}. 
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Proposition 5.15. — Let Q ^ and K C [0, 1] satisfy ,3^'^{K) > 0. Then 
Furthermore, if & e "^oo, ,yf^{.^e{K)) = oo. 

Proof. If e ^ *oo let M := J^'^{K). Otherwise, choose M >0 arbitrarily. 
Since LipFn ^ 1 for each n £N and since, by Lemma [4. 141 

lim LipFn — oo 

n— f oo 

whenever 8 G 5*00, there is an no G N such that ,^^{Fn^{K)) > M. 

Note also, by Lemma r4.131 that we can define n : (0, 1) — > N so that, for any set B C'M? with d{B) < S, 

■^\A^^S),^) e {d{B),2d{B)) 

and 

|{ze{l,...,2"(*)}:T„(5),,nS^0}K2. 
Now let (5o > be chosen so that n((5o) > n-o and so that for each Q < 5 ^ 5q 

M 

^/(F„JX))>-. 

Let ^ := {B^j^i be a (5-cover of .^{K) for some 6 < Jo/4. 

Let _B G ^ and note that ni := n{d{B)) > uq. There are, therefore, jB^jB+i G {1, ••■,2"i} such that 

BnT„,,, =0forj^{jB,iB+i}. 
It follows that ,^-^{B) C [{Jb - l)2-"i, Ob + l)2-"i] with 

ni Til 
i=l i=l 

We deduce, since ni > no, that 

ni no 

d{Fn,{.^-\B))) < 4d{B)Ylcos0,Y[{cos9,)-^ < Ad{B) < Sq. (16) 

?:=l i=l 

Since {^~^{B)} Besa is a cover of ."^^^{K) we infer that {Fn^i.'^^^ {B))} Bess is a 5o-cover of Fng{K) and 
thus that 

oo oo 

E^(^) > 4E^(^"o(^-'(i3))) > -. (17) 

i=l 1=1 

As this is true for each S < 5q the first claim holds. In the case that 8 G 5*00, (fT7)) holds for any M > and 
the result follows. □ 

The above result suffices to show the existence of sets in R{w,p,6; 1) without locally finite measure. 

In showing that £/{'i>o) C R{w,p,6; 1), Lemma [4.131 showed that sets in £/{'^o) do not spiral too tightly. 
In order to show non-rectifiability results, we need to show that sets .s/q can spiral quickly enough. After 
establishing how we define and control the rotation of the approximating triangles and therefore the spiraling 
of sets in we show in Lemma [5.221 that, for appropriately selected 8, does spiral appropriately. 

Definition 5.16. — For 6 G (— tt, it), let i?^ : — > be the rotation in the positive (that is, anticlockwise) 
direction by an angle of 9. 

Let 8 G '5, we define df^,i G {0^ —On] to be the angle satisfying 

As per usual, the superscipt 8 will be dropped in the case that the 8 being referred to is clear. 
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Lemma 5.17. — Let 6 e then 



2/(n + z) 
l-6l„ 2|(n + z), 



where, here, a\b denotes that a divides b. 

Proof. We first consider G ^'c. By construction 

Tn,^ n T„j ^ (19) 

if and only if |i — j| ^ 1. Furthermore, by definition, the similitudes Si and 5*2 satisfy 

1 tan9\ 



5i((l,0)) = (0,0), 5i((0,0)) 



2' 2 y ' 



^2((1,0))- ( i ^ L and52((0,0))-(l,0). 



Since, for each n e N, 



(0,0) er„,i, Q,^^ eT„,2-i nr„,2"-i+i, and (i,o) e r„,2" 

we see that 

Sl{Tn.l) — , Si{Tn.2") —Tn+1,1, 

S2{Tn,l) — 7^1+1, 2" + ij a-nd S2{Tn^2") — T„+i^2" + l- 

Combining with we deduce, for n e N and j G {1, 2"} that 

Si{Tn,j) = r„+i^2"-j"+i and S2{Tnj) = 'r„+i,2"+i-j+i- (20) 

Now, by construction of the isosceles triangle To.i on Aq^i, we see that 

= -6(i and z?i,2 = 6li. (21) 

Further, since 5*1 and S2 are similitudes, and in particular, conformal mappings, if Sk{Tn.i) = Tn+i.j then 
i?„+i^j- = for k G {1, 2}, n G N, i G {1, 2"} and j G {1, 2"+^}. By ^ it follows that 

l^n+l,2"-j+l = l9n,j = 'i?,i+l,2"+i-j + l- (22) 

By (EH), using dH]) inductively, and that 6I„ = 6*1 =: 6* for each n G N, (dH]) follows. 

For the more general case, 8 G Since, in the construction of the size but not the sign of dn.i varies 
when we allow 0„ to vary over n, (|18D continues to hold. □ 



Lemma l5 . 1 71 describes the rotational change that occurs at each level of approximating sets. Most impor- 
tantly, it describes which direction one triangular cap rotates with respect to the triangular cap in which 
it is constructed, namely, clockwise or anti-clockwise. This binary representation of rotation can be com- 
bined with a similar system, giving the location of a point x G h/q, to describe how often and how far the 
approximating sets rotate centered on a given point in j^/q. 

Definition 5.18. — For x G [0,1] we write 

X — XQ.X1X2X3... 

to denote the base 2 representation of x. We use the convention that the sequence {xi}°Zi unique 
sequence to have infinitely many terms equal to such that 



i=0 

Lemma 5.19. — Let Q e^, then for any x G [0, 1], ,^q(x) G r„,i if and only if 



1 5$ ^a;j2"-J' < i. 

3=0 
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Proof. By Definition [nin]^e^(T„,i) = [{i - 1)2-", i2~"], tlierefore ^{x) e r„,j if and only if 

{i - 1)2-" X ^ i2-". 
The result now follows with Definition 15.181 
Corollary 5.20. — Let 9 e vj/ and x e [0, 1], then, if 

X = Xo-Xi...Xmi-llOl0...10Xm2 + lXm2+2--- 



□ 



E 



Proof. For n G N, we infer from Lemma 15.191 that i{n, .^q[x)) is even if and only if a;„ = 1. By Lemma 15.171 
it follows either that 'dn,i(n..^0{x)) — for mi ^ n ^ TO2, or that '?n,i(n,.Fe(a;)) ~ ^'^^ ™i ^ ^ ™2- In 
eitlrer case, we deduce, as required, that 



m2 
i—mi 



E 



□ 



Definition 5.21. — For N, M, Mq e N, ai...aM a string of digits in base 2, and N ^ M + Mq, define 

R{MQ,ai...a„i,N) {a; £ [0, 1] : 3Ma Mi N - M : x ^ xo.xi...XMiai...aMXMi+M+i-}- 

Lemma 5.22. — For any M,Mq e N, any < c < 1, and any base 2 string of digits a :— ai...aM there is 
an No = No{a, Mq, c) G N such that 



M'^{R{MQ,a,N)) > c 



for all No. 



Proof. By the Normal Number Theorem, see, for example, Borel [T] or Niven [TB], there is a set S C [0, 1] 
with J'if^{S) — 1 such that the sequence oi.-.om occurs infinitely often in the base 2 expansion of each 
element x G 5. In particular, for each a; G 5 

X = Xo.Xi...XMaXMQ + l---XQ-iai...aMXo+m+l--- 

for infinitely many and, in particular, at least one Q G N. It follows that 

oo 

5 c U i?(Mo, a, N) 

N=Mo+M 

lim .J^\R{Mo,a,N)) = J^\S) = 1. 



and hence 



N 



The result now follows. 



□ 



The fact that arbitrary sequences can almost always be found motivates tire following definition of a subset 
of ^I' which allows the transfer of sequences of digits to magnitude of rotation. Since a continual rotation, 
loosely speaking, prevents the existence of tangent spaces, we can then exploit continual rotation to prove 
that certain sets in ^(^oo) are not rectifiable. 

Definition 5.23. — For 9 G * define 

{ rni 
X G [0, 1] : Vn G N, 3mi,TO2 ^ " : E ^ri,i{n,.'?e,{x)) > 2tt 
j=mi 

and, for < r ^ 1, define 

^-Jj := {9 G ^' : .^\R{(d)) ^ r}. 

Remark 5.24. — -R(9) is in general neither open nor closed. i?(9) is, however, always a Borel set and 
therefore measurable, a property that is necessary in our analysis of rectifiability below. 
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Proposition 5.25. — Let 6 G then R{&) is a Borel set and therefore Jif^ -measurable. 
Proof. For fc > n let 

i?(e, n,k) := e [0, 1] : 3n ^ toi, m2 ^ fc : ^ '&n,i{n,.^eix)) > 27r |. . 

j=mi J 

We see that 

^(0)= n u (23) 

TieN k>7i 

By Definition mi] and LemmaEH R{Q,n,k)r\[j2-'',{j + 1)2-'') only if [j2-'=, (j + 1)2-'=) C R{Q,n,k). 
It follows that for each n G N and k > n 

i?(e,n,fc) = |J[J2-^(J + l)2-'=) 

for some / C {0,1, ...,2*^ — 1}. We deduce, for each n G N and k > n, that R{Q,n,k) is a Borel set and 
therefore, by ((23)) . that i?(9) is a Borel, and thus J^^-measurable, set. □ 

In proving our non-rectifiability results we use some standard characterisations of rectifiability which we 
now recall for reference. Proofs can be found, for example, in [K] and |18| . 

Theorem 5.26. — For a Jif^ -measurable set A CzM."^ the following conditions are equivalent: 
(i) A is l-rectifiable, 

(a) For Jff^ -almost all x ^ A there is a unique approximate tangent 1-plane for A at x. That is ,there is 
a unique V G G(2, 1) such that, for all < s < 1, 

lim r-\y/f^{{A n Br{x)) - C{x, V, s)) 0. 

r— >0 

(Hi) There is a positive locally J'lf^ -integrable function, 0, on A with respect to which a unique approximate 
tangent space, T^A, exists for -almost all x £ A. That is, there exists a unique P G G{2, 1) such 
that 

hm / ^dJ^^ = 9{x) [ ijjdJf^ 

for all ijj G C^(R^), where rj^^xB := \-^{B - x) for all B (ZM?. 
Lemma 5.27. — Let 6 G * and ,Jf"^{R{e)) > 0. Then ^q{R{Q)) is purely unrectifiable. 

Proof. By Proposition ISTTSl M''^ {^e{R{Q))) > 0. Now, suppose that E C ^e{R{Q)) is rectifiable and that 
Jf-^{E) > 0. As i? is rectifiable, we can write 

00 

EciMoU\Jf,{R) 

i=l 

for Lipschitz functions /i and J^^(Mo) — 0. We can therefore find j EN and M > such that 

J^\En fj{[-M,M]) > 0. 

Setting E C F := Fj {[- M , M]) n ^ {R{(d)) we see, by Proposition !?:^ that F is a l-rectifiable measurable 
set satisfying 

< Jif\F) < 2MLipfj < 00 and Fi C .^{R{e)). 
Now, by Theorem 15.261 for J^^-almost all a; G F 

(i) There is a unique approximate tangent space T^F of F at x, and 

(ii) There is a unique approximate tangent 1-plane for F at a;. 
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Since J^^{F) > we can choose x G F such that (i) and (ii) hold. Let and Vx be the approxunate 
tangent space and approximate tangent 1-planes for at x respectively. 
From (i) it follows that 

,yf\iFnB,ix))^B,/2{x))>^ (24) 

for all sufficiently small p, say < p ^ po < 1- From (ii) we deduce that for all sufficiently small radii, say 
< p pi ^ po, 

J^f\{F n Bpix)) ^ Cix,Vx,tan{Tr/8)) < ^. (25) 
Let no G N be such that J^^{A„g .i(^na,x)) < Pi- Since ,^q^{x) e i?(6) there are mi,m2 > no such that 

"^nMn^x) > 27r. 

n— mi 

Since 6 < 7r/24 for each n G N there is an mo ^ no such that Vx and Gx ■— Gmo,i(^mo,x) meet at an angle of 
i?m G ("""/S — 7''/24, 7r/2 + 7r/24). (In our present case it is irrelevant which of the angles between Vx and Gx 
is used.) For r G (Jf ^(Ano,i(mo,:i:))/2: ^^(^mo,i(mo,2:))) 11°^ that Br{x) C Rm„,i{mo,x) and thus, with 
Lemma [4. 131 parts (i) and (ii), we can easily calculate that 

{F n Br{x)) ~ 5^/2(2;)) C {s/e n Br{x)) - Br/2{x) C C{x, Gx + x, 7r/4). (26) 

Noting that r < J^^{Ajno,i(mo,x)) < Pi and C{x,Vx,tan{Tr/8)) nG{x,Gx +x,tt/4) — {x} we deduce from 
dm) and (HHD that 

^i((FnSp,(x)) ^C(x,K,tan(V8))) >^^(((Fni3,,(a;)) ^i3,,/2(a;)) ^{x}) > ^, 
which contradicts (PS)) . We deduce that F is not rectifiable, contradicting the selection of F. □ 

Lemma 15.271 completes the technical analysis of the sets in ^(^P). In order to give proofs of our main 
theorems, though, we need show that appropriate specific examples can be selected. That is, we need to 
show that there are 8 G 5* that are simultaneously elements of all necessary subfamilies of 4". In particular, 
we need to show that *c C ^'oo n and that *o n *oo n ^ 0. 

Lemma 5.28. — 

^-0 n ^-oo n ^ 0. 

Proof. We note that {7r/24n}„gN G ^'o so that ^0 ^- 

Now let 6 := {9^}neN G ^'o- For each n G N, (cosO^)^^ > 1 so that there is a p„ G N satisfying 
(cosO-P" > 2. Define 



3f 1 <C n sC Pi 



(27) 



We observe that {On} is non-increasing. 



sup6'„ = sup6'„ ^ — , hm 0„ — lim ^.^ = 0, 

nSN nGN 24 n-S-oo ^oo 



and calculate 



Yiicosen)-' = n n(c°^^")"' > n 2 = 

n—1 n—1 j—1 n—1 

We deduce that 9 G ^'oo and thus 6 G ^'o n ^oo- 

Take now <& :— {6'*}„gN G vI/q H ^'oo For each n G N, define Af„ to be the smallest even integer satisfying 
M„6'* > 27r. Define q;„ := 101010. ..10 to be the base 2 string of digits of length M„ alternating between 1 
and 0. Set 

Pi -:7Vo(ai,A/o,2-i) 
where No{-,-,-) is as defined in Lemma [5.221 More generally, for ?i G N, rt > 1, set 

P„ :=iVo(a„,P„-i,l-2-") 
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(28) 



and define 

and $0 := {4>n}nevi- We show that 6 e n ^oo n ^]^. 

As S n ^'oo, it is clear, from its definition, that $0 is a non- increasing sequence of real numbers 
smaller than 7r/24 with 

sup (j)n — sup 9f^ < lim ^„ — lim 0* = 



n6N 



24' 



and that, since 4>n ^ ^* for each n G N, 



n— 1 n— 1 

SO that $ e ^00 ■ 

Now, for each n G N let Rn :— R{Pn-i, Q^n, P71) and define 

Q := n u 

fc— 1 n— 

By the selection of P„ for n G N, we infer from Lemma [5.221 that J^^{Rn) ^ 1 — 2^" and thus 

J^\Q) = 1. (29) 

Now, let x G Q and mo G N. Then there is an ng € N with P„_i > mo for all n ^ no- Since x £ Q, x Cz Rm 
for some ni ^ uq. By the selection of P„ and P„ for n G N, it follows that there is an mi > mo with 

X = Xo.Xi...Xm.il0...10Xmi+M„ + l---, 

where the central 1010. ..10 is «„, and (pi — 0* for mi + 1 ^ i ^ mi + ilf„. By Corollarv l5.20l we now have 



m—nii+1 



mi+A/„ 
7n— mi + 1 



and thus, together with (2^1), 6 G ^'fl.. 
Lemma 5.29. — 



□ 



Proof. Let 9 := {e*,! = 6'}„eN- As (cos6')"^ =: c> 1 

OO 



= lim c" = 



so that 6 G *oo- 

Let M be an even integer satisfying M9 > 2%. Set a = ai...aM to be the base 2 string of M digits 
satisfying 

{1 i odd , . 

(30) 
U I even. 

By the Normal Number Theorem, the sequence a occurs infinitely often in Jif ^-almost all a; G [0,1]. In 
particular for J^^-almost all x G [0, 1] and all n G N there is an m > n such that 



a; = Xo-Xi...Xn---Xmaia2---aMXm+M+l- 



so that, by Corollarv l5.201 



m+M 



n— m+1 

That is, X G R{&). It follows that 6 G '^]^. 



m+M 

E ' 

n— m+l 



Me > 2n. 



□ 
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Remark 5.30. — As mentioned in Remark 15. 9[ that s^q is purely unrectifiable for O e ^'c follows from 
s^Q being a Koch curve. However, as a Corollary to the above Lemma we give a short direct proof of the 
pure unrectifiability of certain subsets of for 8 G 5'c, which is sufficient for our classification. 

Corollary 5.31. — Let O G ^'c, then there exists a compact purely unrectifiable subset T C s/q. 

Proof. Let 9 G *c- By LemmajOH^c C and thus i(i?(9)) = f . It follows that there is an open set, 
U D [0, 1] i?(e), with ,yf^{U) < 1 and thus a compact set, A C i?(9), with ,Ji^^{A) > 0. The result now 
follows from Lemma [071 with T := ^e{A). □ 

The proof of the main existence theorem. Theorem 12.101 now follows by combining Lemmata 13.11 14.181 
15.271 and 15.28] and Proposition 15. 151 In proving Theorem 12 . 101 we also complete our classification, Theorem 
12.91 We present a formal proof of Theorem 12.91 directly following the proof of Theorem 12.101 

Theorem 2.9. — There is a compact set A CM.^ with the following properties 

(i) A G R{w,p,5;l), 

(ii) dim^^A — 1, 

(Hi) A is neither weakly nor strongly locally M'^ finite, 

(iv) A is not -a -finite and 

(v) A is purely unrectifiable. 

Proof. From Lemma we may choose 9 G *o H t/iqc H Since 9 G .^^(i?(9)) = l. We deduce 
that .^^{D U ([0, 1] - i?(9))) = and thus that there exists an open set J7 Z) £> U ([0, 1] - R{<d)) with 
.ytf^{U) < 1. Define 

Ao := [0,1] - (7 C i?(9) 

and 

A := .^eiAo). 

We note that J^^{A) > and that A is compact. 

Since E{Q) = ^e{D) we see that A d ^ E{Q) so that, since 9 G (i) follows from Lemma [iTTSl 
(ii) now follows from Lemma |3. II 

Since 9 G ^oo, it follows from Proposition 15. 151 that 

for any S C A with ^(B) < oo. We deduce that ^(^0^(5*)) = for any i-cr-finite set S C A, and 
therefore, since 

= > 0, 

A is not t^^-cr-finite which proves (iv). 
Should Px > exist for each x ^ A with 

Jf^{Bp^{x)nA) < oo, 

then, since A is compact, there exists a collection of finitely many balls, {Bp^{xi)}f^i with Xi ^ A for 
i G {1, P}, satisfying 

p 

Jf^{Bp^{xi)r\A) < oo and A = |J (Bp^ (a;,) n A). 

i=l 

Since A is not J^^-a-fimte this is impossible. We deduce the existence oi x G A with 

.y/f^{Bp{x)nA) = oo 

for all p > 0, showing (iii). 

Finally, since A C i?(9) and ^(A) > 0, (v) follows from Lemma [071 □ 
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Theorem 2.8. — The properties defined in Definition \2.3\ satisfy the classification given in the table below 
with respect to the questions given in Ouestion \2.8[ 



Property 




Question 






(1) 


(2) 


(3) 






(a), (h) 




wj 


No 


No, No 


No 


wpj 


No 


No, No 


No 


wpoj 


No 


No, No 


No 


wSj 


Yes 


No, No 


No 


wpSj 


Yes 


No, No 


No 


wpoSj 


Yes 


Yes, Yes 


Yes 


33 


Yes 


No, No 


Yes 


spj 


Yes 


Yes, No 


Yes 


spoj 


Yes 


Yes, Yes 


Yes 


s5j 


Yes 


No, No 


Yes 


spSj 


Yes 


Yes, No 


Yes 


spoSj 


Yes 


Yes, Yes 


Yes 



Proof. The positive answers follow from Corollary 13.31 and Lemma [331 

That ^ e R{s,p,S;l) and A e i?(s,0, follow from Proposition 14.91 That ^ and A additionally 
satisfy the measure properties required to answer questions spSj (2) (b) and sSj (2) ((a) and (b)) with no 
respectively follows from Lemma 15.11 

By Lemma OBl fii) 

R{w, po, 0; 1) n £/{^c) D R{w, po, 0; 1) n v{S)) 7^ 

for all (5 > so that, by Lemma [5.81 the answers to wpoj (1), (2)((a) and (b)), and (3) are no. 
We infer from Theorem 12.101 that the answers to wp6j (2)((a) and (b)) and (3) are no. 
As 

Ris,p,S;l) C i?(s,p,0;l), 
i?(s,0,5;l) C i?(s,0,0;l), 
R{w,p,6;l) C i?(?i;,0,0;l) and 
R{w,pa,9;l) C i?(w,p,0;l) c i?(w,0,0;l), 
we deduce from the preceding three paragraphs that the answers to the remaining questions are no. □ 

Remark 5.32. — We have only given counter examples for j — 1 showing that the questions answered 
with no cannot be answered with yes for all j. However, for any given one of the counter examples, say A, 
considered above, A can be extended to be a counter example in dimension j by taking A x [0, 1]-'^^. 

6. Relationship with singular sets 

As has been mentioned, this investigation was made with application to the singular sets of geometric 
flows in mind. In this final section we observe a question arising from this consideration. Of the defined 
approximation properties, we note that, most particularly, the wpSj property has been shown (Simon |19j ) 
to be applicable to the singular sets of minimal surfaces. The wpSj property also has the most interesting 
classification in the sense of the preceding sections. This, in the sense that sets in R{w, p,S; j) must be 
j-dimensional, need not have any other regularity properties, but that the examples of 'poor behaviour' 
appear to be necessarily complex. 

The facts that the w6j property has the same classification as the wp6j property, and that A satisfies the 
w6j property lead us to ask whether a 'simpler' set in R(w, p, S;j) that does not have locally finite measure 
exists, or whether such sets really are necessarily complex? We answer this question for general dimensions 
below by proving that such sets are indeed necessarily complicated. The sets must be complicated in the 
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sense that no point of infinite density in a set A S R{w,p,d;j), say y, may be an element of a piece of 
Lipschitz graph in A. That is, A must accumulate infinite measure around y without any part of A being 
differentiable. This property could certainly be a stepping stone in showing the regularity of the singular set 
of geometric flows. 

After defining density, the proof of the complexity of counter examples to question wpSj (2) can be proven 

directly. 

Definition 6.1. — For a subset A c M", y € M", and m ^ n we define the lower m-dimensional density 
of A at y to be 

er(A^",y):=liminf:QiIl^ 
where cOm denotes the measure of the unit m-ball. 

Theorem 6.2. — Let A c K" and suppose that y £ A, pi > 0, Gy ^ G{n, m), and that a Lipschitz function 
u: Gy ^ Gy exist with 



er(A^'",y) = oo, yeU, and Bp,{y) n AnU = U n Bp,{y), 
where U := graph{u). Then A ^ R{w, p, 6; m). 

Proof. Suppose A e R{w, p, S; m). Take py < pi such that for all p ^ Py 

Take S < min{(24Lipu)~^, 1/16}. Further, take py ^ py to be the radius, dependent on y, given by the 
definition of the W(5j-property with respect to 6 and j = m. 
Suppose now that for some x € ACi Bp^ (y) and p S (0, py] 



un{Bp{x)^Li':p)j^t 

Then, there exists a.p gU and rp > such that 



BrM C Bp{x) Li':^ 

Since 



AnUnBp,{y) = UnBp,{y), 
it follows that there exists a w € Brp{p) n A which is a contradiction to ^ € R{w, 0, 5; m) C R{w, p, 5; m). 
We can therefore assume that for all a; e A, p G (0, py] and P C U 



Bp{x)nPcBp{x)nLi';p. 

Note now that 

Jif"^(An B/i (v)) 

M'"^{BspM ^U)^ ^'"(«(7rG,(B5p„(t/)))) < WmP'^d"^^! + {Lipuf < ^ ^ 

It follows that there exists 

x€{A^Bsp^{y))r.U. 
Suppose now that u{'KGy{x)) ^ Bp^/^iu)- Then 

\^k^Gy{x)) - u{i^Gy{v))\ > y > — - — — — ^I'VA'^Gyix) - ■KGy{y)v 

This contradiction ensures that u(7rG^(x)) G Bp^/:}{y). 

We now write z := u{TTGy{x)). Further, by otherwise shifting A, we can assume that x = 0. Consider now 
B2d(x,z){x) and note that x G Bp^{y) and 2d{x, z) < 2py{S + 1/3) < py. 

Writing p^ := 2d{x, z) there therefore exists an m-dimensional plane L^^p^ € G{n, m) such that 

Lt;^^Bp^{x)^Ar\Bp^{x). 
We argue as above to find that this implies 



Li'rp. n Bp^ {x)DUn Bp^ (x) . (31) 
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Since x,z G An Bp^{x), x,z d 7rQ^(TTGy{x)) ~ ttq^{0) and |x — z| — Px/'2 it follows that a unit vector 
I £ -^K.px exists satisfying 

\{l,v)\^2S (32) 

for all unit vectors v G Gy. 

Now, let {l,l2T..,lm} be an orthonormal basis for L^^p^ and note that Ly :— span({7rG^ (/i)}™ 2) is a 
subspace of Gy with dimension no more than to — 1. Further, we write 

L, ■.^{tTTG^{k):teR}. 

As Gy is an m-dimensional plane, we can find some v £ Gy such that {v, w) — for all w G Ly. By rotation, 
we assume that w = ei and li — CiCi for i = 2, ...,m, where q G [0, 1] and {e;}"^]^ denotes the canonical 
orthonormal basis in R". 

If ttq^{Lx^p^) C Ly we see that 

m 
i=l 

Otherwise 'itq^{1) ^ {0} in which case we can take w :— (again, by rotation we assume w = ei). 

Moreover, in this case, by ([5^ we see that 

In either case, therefore, we now have 

^G, (i^a n bZ{x)) C [-6<5p,, 6JpJ X n (33) 

i=l 

We now consider u|rj. Note that u|rj is a Lipschitz function with LipujR^ ^ Lipu. 
Noting that, by ^ and 

(1) u|r,(-7^p,) ^Bp,(a;), 

(2) u|ri(0) = u|Ri(7rG^(x)) = u{ttg^{x)) = z G Sp^(x), 

(3) t/i := graph{u\]R^) is connected, and 

(4) iTG^iUindBpJx)) C 7rG„(C/nBp,(x))nMi C [-6<5p,,6<5p,], 

it follows that there exists a z G [~6Spx,0) such that u|rj(z) G dBp^{x). Thus |z — ttq (z)| ^ 65^^: and 
hence 

\u{z) - u{^gM)\ > d (^G- (dBjx)Kl^ n Ml, z) > ^ ^ ^"'^'JJj^^^' > - 7rG„(z)|. 

This contradiction implies that the assumption, A G R{w, p, 5] to), is false, completing the proof. □ 
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